Consider the di raction problem for perturbed acoustic propagators with perturbations decreasing slowly at in nity. The propagation speed is discontinuous at the interface of two unbounded media, and the interface may be an arbitrary and smooth surface locally. A Sommerfeld radiation condition is introduced for the acoustic propagator, and is then used to establish the limiting absorption principle and the resolvent estimate at low frequencies for such an operator. Furthermore, we prove the existence of a unique solution to the di raction problem and the validity of the limiting amplitude principles for the acoustic propagator.
Introduction and main results
In this paper we study both the asymptotic behavior (as t ! +1) of the following Cauchy problem W tt ? a 2 W = f(x)e ?i!t ; (1.1) W(0; x) = W t (0; x) = 0 (1.2) with x 2 R n ; and the Sommerfeld radiation condition for the associated reduced wave equation ? a 2 u ? u = f in R n (1.3) for > 0: Here, n 2; W t = @W=@t; ! is a positive constant, a(x) is a wave propagation speed and f is an L 2 -function. We assume that a is discontinuous at the interface between two unbounded media 1 and 2 ; where R n = 1 2 = 1 2 ; and that the interface ? (= @ 1 = @ 2 ) is a smooth surface. Let us also assume the continuity of W and @W=@ on ?; where (x) = ( 1 ; 2 ; ; n ) is the unit normal vector at x 2 ? directed from 1 into 2 :
Throughout this paper we make the following assumptions on ? and a:
(A1) There is a positive constant R 0 such that n (x) C 1 ; jx (x)j C 2 for x 2 ? e (R 0 ); where C 1 ; C 2 are positive constants, and ? e (R) = fx 2 ?jjxj Rg for all R > 0:
(A2) 1=c < a(x) < c for some c > 1:
(A3) (x) = V s (x) + V l (x); where (x) = a ?2 (x); V s 2 L 1 (R n ) and for some 0 < < 1 (i) V s (x) = O(jxj ?1? ) as jxj ! 1;
(ii) jrV l (x)j = O(jxj ?1? ) as jxj ! 1 with x 2 j (j = 1; 2); (iii) V (2) l ? V (1) l 0 on ? e (R 0 ): Here V (j) l is the value of V l (x) when x tends onto the interface ? from j with j = 1; 2:
Note that (A2) and (A3)(i) imply that, for large jxj; q m < V l (x) < q M ; (1.4) where q m = 1=(2c 2 ) and q M = 1=q m :
De ne the acoustic operator L as L = ?a 2 (x) : Under (A1)-(A3), the operator L is symmetric in the Hilbert space L 2 (R n ; (x)dx) with (x) = a ?2 (x) and it admits a unique self-adjoint realization. Denote by the same notation L this realization and by R(z) the resolvent of L; R(z) = (L ? z) ?1 ; =z 6 = 0: As is easily seen, L is a positive operator (zero is not an eigenvalue) and the domain of L is given by D(L) = H 2 (R n ); H s (R n ) being the Sobolev space of order s over R n : Assuming that (A1)-(A3) are satis ed, we prove in this paper that L has no eigenvalues and that the boundary values R( i0); > 0; of R( i ) as ! +0 exist in an appropriate weighted L 2 space topology as local Hoelder continuous operators and are characterised by a Sommerfeld radiation condition (limiting absorption principle). We further study the asymptotic behavior of R( i0) at low frequencies ( ! 0) and show, as an application, the validity of the limiting amplitude principle for the problem (1.1)-(1.2).
We need several notations to describe the main results precisely. Let " and k be a real number and a non-negative integer, respectively, and let V be an open set in R n : Then the 
where R 0 = 0; R j = 2 j?1 ; j 1; V j = fx 2 V jR j?1 < jxj < R j g and V R = fx 2 V jjxj < Rg: When " = 0 or k = 0; the subscript " or k will be omitted from the norm and inner product.
When V = R n ; V will also be omitted from the norm, inner product, space and integral.
We remark that for every " > 1=2 the continuous inclusions
hold. Let A : L 2 ! L 2 be a bounded operator. We denote by kAk ! the operator norm when considered as an operator from L 2 into L 2 :
With the above notations, we now formulate the main results obtained in the present paper. The limiting absorption and amplitude principles for the acoustic wave operator L has been proved by Eidus 6] under (A1) with R 0 = 0 in the case where the propagation speed a(x) is only a piecewise constant function and n 3: And his results mean that the limit (1.12) Eidus 6] . However, the arguments used in the above ref-
erences do not apply in the present situation since the propagation speed a(x) is now a long-range perturbation of a piecewise constant function and also the interface here may be an arbitrary, smooth surface locally. This di culty is resolved in this paper by establishing the uniqueness theorem 1.1 together with the use of a compact argument. Also, Theorem 1.1 implies the absence of eigenvalues for the operator L: We should remark that by using
Mourre's commutator method Kadowaki 7, 8] has recently shown the validity of the limiting absorption and amplitude principles for the operator L with the interface ? satisfying di erent conditions. Note that Kadowaki also gives two examples of interfaces of which one satis es the conditions in 7, 8], but not (A1), and another satis es (A1), but not those in 7, 8] .
There are many other works dealing with the acoustic wave propagation problem with the discontinuous propagation speed at the interface separating unbounded media. For example, Wilcox considered two strati ed uids in a half space and strati ed uids in the whole space in 18] and 19] respectively, and established the eigenfunction expansion theorem. Ben-Artzi et al. 1], Dermenjian and Guillot 4] and Weder 15, 16, 17] considered perturbed strati ed uids problems with short range perturbations and proved the limiting absorption principle by the approach of Wilcox 19] . Kikuchi and Tamura 9] proved the limiting amplitude principle for perturbed strati ed uids by Mourre's method. On the other hand there are some works dealing with the case where the equilibrium density is discontinuous at the interface separating unbounded media, for example, 1, 3, 18, 19] , and the case where the eld and its covariant derivative are discontinuous on the interface ( see, e.g., 12]). We should remark that in all the above work except 11] and 12] no study has been made of the radiation condition for the di raction problem and therefore no result has been obtained on the unique solvability for the problem.
We conclude this section by introducing the following abbreviations (R) = fx 2 R n jjxj < Rg; E(R) = fx 2 R n jjxj > Rg S(R) = fx 2 R n jjxj = Rg;
?(R) = fx 2 ?jjxj < Rg (R 1 ; R 2 ) = fx 2 R n jR 1 < jxj < R 2 g; ?(R 1 ; R 2 ) = fx 2 ?jR 1 < jxj < R 2 g:
Uniqueness theorem
In this section we prove the uniqueness theorem 1.1 which is necessary in proving the limiting absorption principle. Multiply (1.6) by (r ?1 ? r ?(1+") ) 2r@ r u + (n ? 1) u], where 0 < " < 1; integrate over (R; R 1 ) with R R 0 ; and make use of the basic identity 2<f( u)hr@ r ug = r 2<frh@ r urug ? hjruj 2 Proof. On multiplying (1.6) by u; integrating it over (R) and taking the imaginary part, we nd = R S(R) u@ r uds = 0: Therefore, where C is a constant independent of z; u and f; and R 1 is a xed number.
(ii) Let n 3; and let 0 < 1 and 0 < j j 1 u@ r udx; (3.8) where C n = (n ? 3)(n ? 1)=2: With the aid of (A1), (A3), (1.5) by (3.23).
We now prove that v = 0 a.e., which contradicts (3.22) and therefore implies the required estimate (3.20) . We distinguish the following three cases. for R > 0 and x 2 (R); where G(x ?y) = jx?yj 2?n = n(2 ?n)! n ] is the free space Green's function for the Laplacian in R n with n 3 and ! n = 2 n=2 = n?(n=2)]: Here ?(t) is the Gamma function. By virtue of (3.25) the right-hand side of (3.26) tends to zero as R ! 1 along an appropriate sequence, which yields that v = 0 in R n : The proof is complete.
Proof of Theorem 1.3
This section is devoted to the proof of Theorem 1.3. To this end, we introduce the following interpolation inequality for which a proof can be found in 6]. Let be a function in C 1 (R + ) such that (t) = 0 for t 1; = 1 for t 2; and 0 (t) 1 for t > 0: Set R (x) = (jxj=R): Multiply (4.6) by R r@ r u 3?j ; integrate it over E(R) with R > R 0 and make use of the basic identity h(r) u(r@ r v) + v(r@ r u)] = r fh(r) r@ r vru + r@ r urv ? x(ru rv)]g +(n ? 2)h(r)ru rv + r@ r h ru rv ? 2@ r u@ r v]:
By means of integrating by parts and Cauchy-Schwarz inequality we are able to obtain that for R large enough for R r 1 ; where @ v = @v=@ ; p(t) = supfj 0 (x)j jxj tg for t 0 with 0 (x) = V l (x) ? q(x) for x 2 R n ; and C is a constant independent of and R: and by (7.3) ? w k ? zV l w k = h in E(T)
in the distributional sense since f (x) = 0 for jxj T; where h = z@ k V l v: Let be in C 1 (R + ); (t) = 0 for 0 t 1; = 1 for t 2; and 0 (t) 1: Set R (x) = (jxj=R) and u k = R w k for R T: Then u k 2 H 1 and ? u k ? zV l u k = h 1 in R n ; (7.5) where h 1 = R h ? 2r R rw k ? R w k : It follows from ( j@ k vj 2 ds Ckf k 2 B ; 1 k n; (7.7) which together with (7.4) completes the proof of (7.1).
Next, for integer k with 1 k n; multiply (7. By making use of (7.10), (7.11), (7.3) and the de nition of R it can be shown, on noting that R T; that the right-hand side of (7.12) is real, and therefore (1 + 2 R ) v@ vds; (7.14) which, with the help of (7.1) and Cauchy-Schwarz inequality, implies the required estimate (7.2). The proof is complete. Proof of Theorem 1.7. We only prove the \+" case. The \-" case can be treated similarly. whilst by Theorem 1.2 (ii) it is found that kru 2 k B + ku 2 k B Ck(1 ? t )g k B : (7.22) Letting ! 0 in (7.22) yields kru 2 k B + ku 2 k B Ck(1 ? t )gk B : (7.23) Since the right-hand side of (7.23) tends to zero as t ! 1; then given arbitrarily > 0 t can be chosen such as to satisfy kru 2 k B + ku 2 k B : (7.24) Combining (7.21) with (7.24) we conclude that u + satis es the radiation condition (1.19) for is arbitrary and u + = u 1 + u 2 : As a result, the uniqueness follows from Corollary 2.1, and the proof is complete.
